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Abstract
In this paper we discuss the notion of a Clar structure on a 3-homogeneous simplicial complex, in
particular on a triangulated surface. Such structures arise in theoretical chemistry, from where they
also have received the name. We discuss various aspects of Clar structures, particularly existence
of Clar structures on (closed compact) surfaces of general genus, and a possible variation of the
definition using a splitting. We give an interpretation of Clar structures in terms of (mod 2) two
step homology groups, which establishes the relationship of these structures with certain standard
calculations in algebraic topology.
 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
In applications to hydrocarbon chemistry the following definition has been used, see [6]
and further references there. Quite independently its dual has arisen [9] in work on
algebraic topology and combinatorics through the notion of the incidence quotient of a
homogeneous simplicial complex.
Assume that P is a simple spherical polytope, or more generally a polyhedral map on
any closed compact surface. Hence we have a polytope or map such that each vertex is
incident with precisely three facets. A subset X of the facets of P is called a perfect Clar
structure of P if each vertex of P is incident with precisely one facet in X. Dualizing this
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definition we call a subset X of the vertices of a d-homogeneous simplicial complex K a
Clar set of K iff each d-simplex contains precisely one vertex of X.
We shall let K be a 3-homogeneous simplicial complex (3HSC), that is K is a simplicial
complex such that every maximal simplex σ ∈max(K) consists of 3 vertex points.
Here a simplicial complex on the vertex set V is a system of subsets which contains all
the one element vertices {x} ∈K of V and which is hereditary, i.e., if σ ∈K,τ ⊂ σ, then
also τ ∈ K. The sets in K are called the simplices of K. Denote by max(K) the set of
inclusionwise maximal simplices of K. Then K is called d-homogeneous if
σ ∈max(K) ⇒ |σ | = d, (1)
i.e., if all maximal simplices have the same cardinality |σ | = d. We see that d-homo-
geneous simplicial complexes are in one to one correspondence with d-homogeneous set
systems. In the topological literature d-homogeneous complexes are called (d − 1)-pure.
Formalising the above definition we say that a subset C of the vertex set V (K) is said to
be a Clar set on K provided
|C ∩ σ | = 1 for every σ ∈max(K).
Suppose that K admits a Clar set C, and that L is a sub 3HS complex of K . Since
max(L)⊆max(K), it follows immediately that
C′ ∩ σ = C ∩ σ for every σ ∈max(L)
where C′ = C ∩ V (L). Hence we see that:
Lemma 1. A Clar set on a 3HSC induces a Clar set on every sub 3HS complex.
Specifically, if K has a sub complex which admits no Clar set then nor does K admit
one.
Given two vertices x, y of K we say that they are N -neighbors iff there exist σ, τ ∈
max(K), which are neighbors, such that x ∈ σ\τ , y ∈ τ\σ . Here σ, τ are neighbors iff
|σ ∩ τ | = 2. We say that two vertices x, y ∈K are N-equivalent iff there is a sequence x =
x0, x1, . . . , xm = y of vertices in which xi, xi+1 are N -neighbors for i = 0,1, . . . ,m− 1.
For the sake of clarity, we shall call such a sequence an N -permissible sequence of length
m for x, y .
Suppose again that K contains a Clar set C. Let x, y be N -equivalent vertices of K
and x ∈ C. There is an N -permissible sequence of length 1 for x, y if and only if x, y are
N -neighbors, and thus there are σ, τ ∈ max(K), which are neighbors, such that x ∈ σ\τ ,
y ∈ τ\σ . Since C ∩ σ = {x}, C ∩ (σ ∩ τ )= ∅. Hence y ∈ C; otherwise C ∩ τ = ∅.
Suppose that for any pair u,v of vertices that are endpoints of an N -permissible
sequence of length m − 1, either {u,v} ⊂ C or {u,v} ∩ C = ∅. Suppose also that x, y
are endpoints of an N -permissible sequence x = x0, x1, . . . , xm = y of length m. Since
x = x0, x1, . . . , xm−1 is an N -permissible sequence of length m− 1, and since x ∈ C we
get xm−1 ∈C. Since xm−1, xm = y are N -neighbors, also y ∈ C.
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We have therefore shown the following:
Lemma 2. Suppose that C is a Clar set on a 3HSC. Then for any N -equivalence class X
on the 3HSC,
either X ⊂ C or X ∩C = ∅.
It can be seen readily that K admits no Clar set if it has only one N -equivalence class.
Indeed, combining Lemmas 1 and 2 gives:
Corollary 1. A 3HSC which contains a sub complex with only one N -equivalence class
admits no Clar set.
In particular, there is no Clar set on any 3HSC with only one equivalence class.
We say that a sequence σ0, σ1, . . . , σn of d-simplices of K is N -permissible iff for each
i = 0,1,2, . . . , n−1 we have that |σi ∩σi+1| = d−1, that is for each i = 0,1,2, . . . , n−1
σi and σi+1 are neighbors.
K is said to be a hyper connected simplicial complex iff for every two d-simplices σ, τ
of K there exists a N -permissible sequence σ0, σ1, . . . , σn such that σ0 = σ and σn = τ.
As an example of hyper connected 3-homogeneous simplicial complexes we have the
triangulations of closed compact (pseudo-)surfaces. These are defined as 3-homogeneous
simplicial complexes K which have the property that each 2-simplex ξ ∈ K, |ξ | = 2 is
contained in exactly two 3-simplices [1,12].
2. One to one correspondence of N -equivalence classes and Clar sets
Unless specified otherwise, we shall suppose that K is a hyper connected 3HSC
throughout this section.
We shall first show that:
Lemma 3. Given any two simplices σ = x1x2x3, τ = y1y2y3 ∈ max(K), there always
exists a (bijective) correspondence σ → τ such that xi → yi and xi, yi are N-equivalent
for i = 1,2,3.
This is clear if σ = τ or σ, τ are neighbors. Otherwise, since K is hyper connected,
there is a sequence σ =∆0,∆1, . . . ,∆m = τ in max(K) in which ∆i,∆i+1 are neighbors.
Compositions of the correspondences ∆i → ∆i+1, give rise to the correspondence σ =
∆0 →∆m = τ .
Hence in particular we get that:
Corollary 2. Let xyz ∈ max(K), and let i(K) be the number of N-equivalence classes.
Then
(1) i(K)= 1 if and only if x, y, z are N-equivalent;
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(2) i(K)= 2 if and only if precisely two of x, y, z are N-equivalent; and
(3) i(K)= 3 if and only if none of any two of x, y, z are N-equivalent.
Specifically, i(K) 3.
We shall denote by i(K) the number of N -equivalence classes in K .
Suppose that i(K)= 2. For clarity, an N -equivalence class X is said to be of type 1 if
|X ∩ σ | = 1 for any σ ∈ max(K); otherwise it is of type 2. That the assignment of this
kind is well-defined follows from Corollary 2. See also [9]. Lemma 2 then implies that the
N -equivalence class of type 1 is the only Clar set on K .
If i(K)= 3 then Corollary 2 implies that for any such N -equivalence class X, |X∩σ | =
1 for any σ ∈ max(K). Hence Lemma 2 indicates that the N -equivalence classes are
exactly the Clar sets on K .
We can therefore conclude that:
Theorem 1. A hyper connected 3HSC K admits a Clar set if and only if i(K) 2. The
N -equivalence class of type 1 is the only Clar set on K when i(K)= 2. The N -equivalence
classes are exactly the Clar sets on K when i(K)= 3. In particular for a hyper connected
3-homogeneous simplicial complex there exists a perfect Clar-structure iff the relation of
N -equivalence has at least two distinct equivalence classes.
It follows immediately that the link of any vertex of a hyper connected 3HSC which
admits three Clar sets contains no odd cycle. Specifically:
Corollary 3. All vertices of a triangulation of a closed surface which admits three Clar
sets are even.
Hence also:
Corollary 4. A Clar set on a triangulation of a closed surface contains all odd vertices of
the triangulation.
For if the link lk(x) of a vertex x of the triangulation is an odd cycle then all vertices
in lk(x) are N -equivalent, and are thus not members of the Clar set by Lemma 5. Hence x
must be contained in the Clar set.
3. Subdivisions of hyper connected complexes
We continue to assume that K is a hyper connected 3HSC throughout this section and
we consider their subdivisions.
To every x ∈ V (K) let there correspond a point θx . Similarly, to every σ ∈ max(K)
let there correspond a point θσ . We define [2] L = GF(K) to be the 3HSC whose set of
vertices and 3-simplices are given as follows:
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V (L)= {θx | x ∈ V (K)} ∪ {θσ | σ ∈max(K)} and max(L)= {θσ θxθy | x, y are vertices
of σ where σ ∈max(K)}.
It is then not difficult to see the following:
(1) L is hyper connected;
(2) |τ | = |τ ′| implies that θτ , θτ ′ are N -equivalent for any τ, τ ′ ∈ V (L); and
(3) CL = {θσ | σ ∈ max(K)} is a Clar set on L, from which it follows that CL is the
only Clar set on L.
Next, to every simplex τ ∈K let there be correspond a point γτ . We define M to be the
3HSC with:
V (M)= {γτ | τ ∈ K} and max(M)= {γσ γeγx | x is a vertex of e and e is a 2-simplex
contained in σ where σ ∈max(K)}.
From the construction of M , we see immediately that:
(1) M is hyper connected;
(2) |τ | = |τ ′| implies that θτ , θτ ′ are N -equivalent for any τ, τ ′ ∈ V (M); and
(3) each of the following is a Clar set on M:
C1M =
{
γx | x ∈ V (K)
};
C2M =
{
γe | e is a 2-simplex of K
};
C3M =
{
γσ | σ ∈max(K)
}
.
The 3HSCs L, M are known as subdivisions or simplicial decompositions of K in the
literature. The 3HSC M is well recognized as the first barycentric subdivision of K .
We can further subdivide M to define a 3HSC N as follows. Select a 3-simplex
γσγeγx ∈ max(M) where σ , e, and x are, respectively, a 3-simplex, a 2-simplex, and a
vertex of K , and are related as described in the construction of M . We then define N as the
3HSC with:
V (N) = V (M) ∪ {ζ } and max(N) = max(M) ∪ {ζγσγe, ζ γσγx, ζ γeγx} where ζ /∈
V (M).
It is readily seen that N is also hyper connected and has only one N -equivalence class.
Hence by Theorem 1, we find that N admits no Clar set.
We summarize our above observation as follows:
Theorem 2. For any hyper connected 3HSC K , there always exist hyper connected
subdivisions of K which admit, respectively, no Clar set, precisely one Clar set, and three
Clar sets.
In the light of Theorem 1, we can rephrase Theorem 2 as follows:
Corollary 5. For any hyper connected 3HSC K , there always exist hyper connected
subdivisions of K with, respectively, one, two and three N -equivalence classes.
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4. Connected sum and coverings
For two given triangulations T1 and T2 of two surfaces S1, S2 choose in each of Ti a
triangle σi and define the connected sum as the triangulation obtained by choosing an
identification of the three vertices x1, y1, z1 of σ1 with the three vertices x2, y2, z2 of σ2.
This identification is indicated by the symbol ∼; that is
x1 ∼ x2, y1 ∼ y2, z1 ∼ z2. (2)
The three equivalence classes are denoted as x = [x1] = [x2], y = [y1] = [y2], z= [z1] =
[z2].
Now define a triangulation
T := T1 ∪ T2\{σ1, σ2}/∼. (3)
Note that x, y, z ∈ T are vertex points. It is easy to check that T is a triangulation of the
connected sum S1 !S2 of the two given surfaces. Hence T is called the connected sum of
the triangulations T1 and T2.
Lemma 4. The degrees of the vertices of T are given as
(1) d(p)= d1(p) for vertex points p ∈ T1,p /∈ σ1.
(2) d(p)= d2(p) for vertex points p ∈ T2,p /∈ σ2.
(3) d(p)= d1(p1)+ d2(p2)− 2 for p = x, y, z.
A triangulation is called Eulerian iff the degree of each vertex is even.
It follows that the connected sum of two Eulerian triangulations is Eulerian.
Lemma 5. If both Ti for i = 1,2 contain a triangle σi the removal of which does not
change i(Ti), that is i(Ti) = i(Ti\σi), then the connected sum T = T1 !T2 has i(T ) 
min(i(T1), i(T2)).
If anyone of the triangulations T1, T2 has got only one N -equivalence class, then the
conclusion of the lemma is immediate. Without loss of generality we may assume that
the N -equivalence classes are x1 ≡ y1 and z1 and x2 ≡ z2 and y2. Then the conclusion
follows by choosing the identification as in (2).
5. Existence of Eulerian triangulations without Clar structures on surfaces of non
positive Euler characteristic
Example. Let T be the triangulation of the torus given in Fig. 1.
This is an Eulerian triangulation without Clar set, since the number of N -equivalence
classes is one, as can easily be checked.
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In this section we show the following result:
Theorem 3. There exists an Eulerian triangulation without Clar set on a surface iff the
Euler characteristic of the surface is not positive: χ(S) 0.
We first exhibit Eulerian triangulations T with i(T )= 1 for all surfaces of non positive
Euler characteristics.
In case the surface of the triangulation is orientable and of genus g  0, we obtain
a corresponding triangulation as the connected sum of g + 1 copies of Czasars torus in
Fig. 1, where the connected sum can be taken over any one triangle of the Czasar torus. By
Lemma 5 the connected sum T has i(T )= 1.
In the non orientable case we have to be slightly more careful. We first note that the
projective plane admits a Eulerian triangulation T with i(T ) = 2, see Fig. 2. Now by
taking connected sums of this triangulation T with itself and by choosing the proper
identification as required in Lemma 5 we get the existence of a triangulation T ′ for any
non orientable surface, since every closed compact nonorientable surface N with Euler
characteristic χ(N)= 2− k is the connected sum of k copies of projective planes.
From [6] we have an example of a triangulation T of a projective plane which is Eulerian
and which has i(T ) = 2. However as indicated in [6] there does not exist a triangulation
T1 of the projective plane which is Eulerian and which has i(T1)= 1. The reason for this
lies in a simple application of covering theory:
Lemma 6. Assume that T2 is a triangulation which is a double cover of the triangulation
T1. Then we have that i(T2)= 3 implies i(T1) 2.
Fig. 1. Czasars torus with 7 vertex points.
Fig. 2. Eulerian triangulation of projective plane with i(T )= 2.
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Note that the cover of a Eulerian triangulation is again Eulerian. Hence from the
Lemma 6 we get that the existence of a Eulerian triangulation T1 of a projective plane
with i(T1)= 1 is not possible.
For the proof of the lemma we see that from the assumption i(T1) = 1 we get the
existence of triangles xyz in T1 where all points are N -equivalent. Now consider the lifts
x1y1z1 and x2y2z2 in T2 of such a triangle. A sequence of points which constitute an N -
equivalence of xy in T1 can be interpreted as path in the realization of T1. Hence the lifting
of this path constitutes an N -equivalence of either x1y1 and x2y2 or of x1y2 and of x2y1.
Similarly for the pairs xz and yz. Thus from the assumption i(T1)= 1 we get that at least
one of the following must hold:
x1 ≡ y1 ≡ z1, x1 ≡ y1 ≡ z2, x1 ≡ y2 ≡ z1, x2 ≡ y1 ≡ z1. (4)
In each case we see that the triangle x1y1z1 in T2 must contain at least one N -equivalent
pair of vertices. This contradicts the assumption i(T2)= 3.
Corollary 6. Assume that a (closed compact) surface S has the following property:
A triangulation T of S is Eulerian iff i(T )= 3. (5)
Then S is the sphere. Conversely if S is a sphere then (5) holds.
6. Splitting Clar structures
We define two vertices x, y of a complex to be N2-equivalent iff there exists a chain of
even length x = x0, x1, x2, . . . , x2m = y such that xi, xi+1 are N -related. It is easy to see
that N2-relation is an equivalence relation. We show the following: Let i2(K)= number of
N2-equivalence classes.
Lemma 7. For a hyperconnected complex the following inequalities are valid:
(i) i2(K) i(K).
(ii) i2(K) 2i(K).
(iii) i2(K) 6.
For the proof we observe that each N -equivalence class of vertices contains at most two
and at least one N2-equivalence class. This shows (i) and (ii). Also i(K) 3 showing (iii).
In the case of two equivalence classes we say that the equivalence class splits. In
particular a Clar set splits iff it decomposes into two N2-equivalence classes.
We call a triangulation doubly Eulerian iff the degree d(x)≡ 0(4) is doubly even for all
vertex points x ∈ T .
Example. The standard simplex K = ∆(4) with max(K) = {123,124,134,234} has
i(K)= i2(K)= 1.
Example. There exists a (doubly Eulerian) triangulation T of the projective plane with
i(T )= 3 and i2(T )= 5; see Fig. 3.
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Fig. 3. Triangulation of projective plane with 17 vertex points.
Fig. 4. N -graphs of Fig. 3.
Fig. 5. Triangulation T of the sphere i(T )= 3, i2(T )= 4.
Assume that an equivalence class [x0] of the N -equivalence relation is given. Then we
may introduce the N -graph of [x0] as the graph with vertex set consisting of the points of
[x0] and with edges consisting of all pairs {x, y} of N -neighbors.
In the above example this is given as Fig. 4. We see that only the first class has an
N -graph which contains odd cycles, and hence i2(T )= 5.
Example. There exists a triangulation T of the sphere with i(T )= 3 and i2(T )= 4. We
see that the three classes have N -graphs as two triangles and one K2, and since the K2
does not contain any odd cycles we get i2(T )= 4.
Example. There exists a (doubly Eulerian) triangulation T of the Klein bottle i(T ) = 2
and i2(T )= 4; see Fig. 6. We see that both classes have N -graphs which are Eulerian, and
hence do not contain odd cycles so that i2(T )= 4.
Example. There exists a (Eulerian) triangulation T of the projective plane with i(T )= 2
and i2(T )= 3; see Fig. 2. Indeed the N -graphs of T are given by:
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Fig. 6. Triangulation T of Klein bottle with i(T )= 2, i2(T )= 4.
Example. The octahedron max(K) = {123,126,135,156,234,246,345,456} is doubly
Eulerian and has i(K)= 3, i2(K)= 6.
Example. The connected sum of two octahedra as aboveL=K !K has i(L)= i2(L)= 3.
Theorem 4. There exist triangulations T of a (closed compact) surface iff the pairs of
values (i(T ), i2(T )) is contained in the following list:
(1,1), (2,2), (2,3), (2,4), (3,3), (3,4), (3,5), (3,6). (6)
From the list of the above examples wee see that for each entry (a1, a2) in the list there
exists at least one triangulation T of a closed compact surface which has i(T ) = a1 and
i2(T )= a2.
Next we see that for i2(T )= 2i(T ) we cannot have any vertex y the class of which does
not split and hence there are no vertices x adjacent to y which are either of odd degree
d(x)= 2m+ 1 or of a singly even degree d(x)= 4m+ 2. Hence we get:
Lemma 8. If T is the triangulation of a (closed compact) surface with i2(T ) = 2i(T ),
then T is doubly Eulerian.
From the inequalities in Lemma 7 and the examples given it follows that only the case
(1,2) is left to consider.
We now show that there cannot exist any triangulation in the case (1,2). Indeed from the
assumption of the existence of T with i(T )= 1, i2(T )= 2 it follows that the N -graph of
T consists of all vertex points of T . But also that N -graph cannot contain any odd cycles
and hence it must be bipartite.
Now consider the set of edges xy in the triangulation T which have an even distance in
the N -graph. They will be called even edges and the other edges will be called odd edges.
Clearly each triangle in the triangulation will contain either one or three even edges. Define
a triangle σ ∈ T to be an even triangle iff σ contains three even edges, and an odd triangle
otherwise.
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Now the set of all odd edges of the triangulation T is a bipartite graph. This follows
from the fact that the N -graph itself is bipartite. Thus the part of T consisting of all even
triangles forms two connected components consisting of the triangles of the two parts of
the bipartition. The set of odd triangles forms a belt in the region between those two parts,
and it is easily checked that the boundary of the belt of odd triangles contains two parts, so
that the belt is actually a cylinder, that is as a topological space it is a product S1 ×[−1,1].
Then removing a circle S1 from the cylinder will give a surface which is disconnected.
By the Schoenfliess theorem in its strong form this implies that T is a triangulation of a
sphere.
But from Lemma 8 the triangulation is doubly Eulerian, hence Eulerian and it follows
from Corollary 5 that i(T )= 3. This is a contradiction.
7. Application to coloring of graphs
The 3HSC K induces a graph GK whose vertex set and edge set are, respectively, given
by the set of vertices and the set of 2-simplices of K . The graph GK is called the graph of
K .
Since every 2-simplex is contained in a 3-simplex, the chromatic number χK = χ(GK)
of GK is not less than 3.
Suppose that K admits three Clar sets. If x, y are vertices of K that belong to one Clar
set then xy cannot be a 2-simplex. In particular, x, y are not adjacent in GK . Hence to all
members of a Clar set we can assign precisely one color so that no two adjacent vertices in
GK are allocated the same color.
Hence:
Lemma 9. For a hyper connected 3HSC K which admits three Clar sets, χK = 3.
Next, suppose that GK admits a 3-coloring and that C is a color class induced by the
coloring. If there is a 3-simplex σ in K which does not intersect C then we need at least
four colors to assign to the vertices so that no two adjacent ones are of the same color.
Hence it must be the case that |C ∩ σ | = 1 for every σ ∈max(K).
We therefore find that:
Lemma 10. Suppose that K is a hyper connected 3HSC. If K admits a 3-coloring then
the color classes induced by the coloring are precisely the Clar sets on K .
Lemma 10, combined with Lemma 9, implies that:
Theorem 5. A hyper connected 3HSC K admits three Clar sets if and only if χK = 3.
As a hyper connected 3HSC, a triangulation S2 of the 2-sphere induces a maximal planar
graph GS2 . Conversely, every maximal planar graph can be regarded as the graph of a
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triangulation of the 2-sphere. For definition and properties of maximal planar graphs see
[11, p. 54ff]. For the case of surfaces see [1,10,12]. Hence it follows that:
Corollary 7. The graph of a triangulation of a (closed compact) surface is 3-chromatic if
and only if it admits three Clar sets.
Corollary 8. A maximal planar graph is 3-chromatic if and only if it can be regarded as
the graph of a triangulation of the 2-sphere which admits three Clar sets.
Also:
Corollary 9. A planar graph is 3-colorable if it is a subgraph of the graph of a
triangulation of the 2-sphere which admits three Clar sets.
Corollary 10. If there exists a triangulations T of a sphere such that in the situation of
Theorem 4 (i(T ), i2(T )) = (2,3), so that T contains exactly one Clar set then it is the
N -equivalence class consisting of the Clar vertices that splits.
8. Modular two step homology and Clar structures
In this section we indicate the relationship of the structures under consideration with
modular two step homology, thereby indicating the possibility of a connection with
classical algebraic topology. We urge the reader to note that our indexing is guided by
combinatorial principles, and hence shifted one up from the usual indexing, e.g., a point is
a 1-chain in the context below and not (as usual) a 0-chain.
For any simplicial complex K we let Cq(K) be the integral chain group of q-chains in
K. We consider the group homomorphism
D2q :Cq(K)→ Cq−2(K)
defined as
D2q(σ )=
∑
τ
τ, (7)
where the sum in (9) is taken over all subsimplices τ ⊂ σ of size |τ | = q−2. In the special
case of q = 3 we define following [9] the incidence quotient of K as the quotient group
Q(K)= C1(K)
D23(C3(K))
. (8)
It was shown in [9] that for a hyperconnected 3-homogeneous simplicial complex, and
hence in particular for the triangulation of a surface the group (8) is either of Z/3,Z, orZ2.
In the first case Q = Z/3 the triangulation K does not possess any Clar set, in the
second case Q = Z K possesses precisely one Clar set, and in the third case Q = Z2
the triangulation K possesses three disjoint Clar sets.
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We let Cq(K,Z/2) be the chain group of binary chains, consisting of formal sums of
simplices of size q. As in [3] we let the operator ∂2q :Cq(K,Z/2)→ Cq−2(K,Z/2) be
defined on the simplices σ of size |σ | = q as
∂2q (σ )=
∑
τ
τ, (9)
where the sum in (9) is taken over all subsimplices τ ⊂ σ of size |τ | = q − 2. It is a very
special case of a classical result [8] in algebra that the operators ∂2q+2, ∂2q as linear map
between mod 2 vector spaces satisfy the relation
∂2q ◦ ∂2q+2 = 0.
In the particular case of q = 1 we obtain the first two step homology group as
2SH1(K)= Ker∂
2
1
Im∂23
= C1(K,Z/2)
Im ∂23
. (10)
In the following we denote the canonical epimorphism onto Q(K) by
ρ :C1(K)→Q(K).
Lemma 11. As vectorspaces over the field Z/2 of two elements we have
Q(K)⊗Z/2∼= 2SH1(K). (11)
Proof. We use the standard elementary techniques of homological algebra [13]. Consider
the exact sequence of abelian groups
C3(K)
D23−→C1(K)→Q(K)→ 0 (12)
and tensor it with Z/2. The group Cq(K), q = 1,3 is free abelian, and the matrix D23 is
a 0 − 1 matrix. Hence tensoring the sequence (12) with Z/2, so that Cq(K) ⊗ Z/2 ∼=
Cq(K,Z/2) we get the mapping ∂23 the cokernel of which is
2SH1(K). Since the epi-
morphism ρ induces an epimorphism ρ ⊗ 1, the two cokernels are isomorphic.
Combining this with the result of [9] mentioned above, we get the following complete
description of the two step homology groups in case of a hyperconnected simplicial
complex:
Theorem 6. For a hyperconnected 3-homogeneous simplicial complex K the dimension
(over the field Z/2) dim 2SH1(K) takes only three values: 0,1 or 2. We have
(0) dim 2SH1(K)= 0 iff K admits no Clar set,
(1) dim 2SH1(K)= 1 iff K admits precisely one Clar set,
(2) dim 2SH1(K)= 2 iff K admits three disjoint Clar sets.
In particular this gives a complete and conceptual description of the two step homology
groups [3] with binary coefficients for all triangulated surfaces.
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